SMOOTHNESS OF ISOMETRIC FLOWS ON ORBIT SPACES 
AND MOLINO'S CONJECTURE 
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Abstract. A map between the orbit spaces of two isometric actions on Rie- 
mannian manifolds is called smooth if the pull-back by this map sends smooth 
basic functions into smooth basic functions. In this paper we investigate the 
smoothness of isometric flows on orbit spaces. As an application we prove 
that the closure of the leaves of an orbit-like foliation is a singular Riemann- 
ian foliation. In other words, we solve the Molino's conjecture for orbit-like 
foliations, i.e. singular Riemannian foliation whose restriction to each slice is 
diffeomorphic to a homogenous foliation. 
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1. Introduction 

In this section, we recall some definitions and state our main results in Theorem 
[Lland Theorem Ell 

Definition 1.1 (SRF). A partition of a complete Riemannian manifold M by 
connected immersed submanifolds (the leaves) is called a singular Riemannian fo- 
liation (SRF for short) if it satisfies condition (1) and (2): 

(a) is a singular foliation, i.e. for each leaf L and each v € TL with footpoint 
p, there is a smooth vector field Y with Y{p) = v that belongs to X{J-), i.e. 
that is tangent at each point to the corresponding leaf. 

(b) is a transnormal system, i.e. every geodesic perpendicular to one leaf is 
perpendicular to every leaf it meets. 
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A leaf L oi J- (and each point in L) is called regular if the dimension of L is 
maximal, otherwise L is called singular. In addition a regular leaf is called principal 
if it has trivial holonomy; for a definition of holonomy, see e.g. [T31 page 22]. 

A typical example of a singular Riemannian foliation is the partition of a Rie- 
mannian manifold into the connected components of the orbits of an isometric 
action. In this case the principal leaves coincide with the principal orbits. 

Also recall that the restriction of 7^ to a slice Sp is difFeomorphic to a SRF 
on the normal space VpLp — TpSp with respect to the flat metric g^; see [131 [7]. 
This foliation J-p is called infinitesimal foliation at p. 

On one hand, recent techniques in the theory of SRF shed light on some ques- 
tions about isometric actions; see e.g. [TTj or [3]. On the other hand, the theory of 
isometric actions feeds the theory of SRF with examples and motivates new ques- 
tions. Furthermore, as stressed in the book of GromoU and Walschap [10], " in the 
last decades there has been increasing realization that these foliations play a key 
role in understanding the structure of Riemannian manifolds, particularly those 
with positive or nonnegative sectional curvature" . An example of this is the recent 
proof of the smoothness of the metric projection onto the soul, where Wilking use 
dualization of SRF [TBI. Last, but not least, the quotient space of SRF or isometric 
actions provide examples of natural metric spaces with smooth structure as we now 
recall. 

Let us consider a SRF (Af, J^) with closed leaves. The quotient M/F is equipped 
with the natural quotient metric and a natural quotient "C*^ structure". The 
structure on MjT is given by the sheaf C^(fhfT^ of basic functions on M, 
i.e. those functions that are constant along the leaves of J-. One says that a map 
(fi : Mi/Fi — Mil J- 2 between two leaf spaces of SRF is of class if the pull-back 
by sends smooth functions on MijTi to functions on MijTi of class . When 
Lp is smooth, this definition coincides with the definition of Schwarz 15 . 

As pointed out in [5^ , it is natural to ask whether an isometry between two orbit 
spaces, or more general an isometry between the leaf spaces of SRF, is smooth. 
In other words, if a version of Myers-Steenrod theorem is still valid for quotient 
spaces. This question was considered in [6 . 

In this paper we continue our study of isometrics on quotient spaces. Our first 
result concerns the smoothness of flows of isometrics on orbit spaces. 

Definition 1.2. Consider a SRF T on a complete Riemannian manifold M with 
closed leaves. A continuous map Lp : MjJF x / — >■ MjT is called a flow on MjT if 
the following conditions hold: 

(a) is a one-parameter local group; 

(b) for each p e MjT each integral curve t — ?• (p{p,t) is contained in the 
quotient of a stratum; 

(c) there exists a locally bounded derivative Y on M/ F (i.e. y is a derivation of 
C^{M, T)) associated to the flow, such that for each smooth basic function 
h we have Y ■ h{p) = ■^h{ip{p,t))\t^o. 

Remark 1.3. In the particular case where 95 is a one-parameter local group of 
isometrics of M/JF, one can prove that (a) implies (b) (see e.g., [9j section 5.1]) and 
that (a) and (b) imply (c) (see e.g. the proof of Lemma [2. 4p . 

Theorem 1.4. Let M be a complete Riemannian manifold and J- be a singular 
Riemannian foliation. Assume that the leaves of T are orbits of a proper action 
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K X M ^ M . Let ip : M/K x / — >■ M/K he a flow of isometries on the orbit space. 
Then ip is smooth. 

This theorem ahow us to prove Mohno's conjecture for the class of orbit-hke 
fohations. 

Definition 1.5. A SRF on M is called orbit-like foliation if for each point q 
there exits a compact group Gq of isometries of UqLq such that the infinitesimal 
foliation Tq is the partition of I'qLq into the orbits of the action of Gq. 

Apart from the partition of M into orbits of an isometric action, typical examples 
of orbit-like foliation can be constructed by suspension of homomorphism. 

Example 1.6. Consider a manifold Q and let V be Riemannian manifolds with a 
SRF that is the partition of V into orbits of an a group of isometries K. Consider 
a homomorphism p : TTi{Q,qa) H C. lso{V). Here H must act on V preserving 
the foliation J^Qj i-G- it sends leaves to leaves. For example, V can be a product 
Vi X V2 where each leaf L^^ y) is contained in Vi x {y} and K C Iso(Vi). The group 
H can be chosen as a subgroup of Iso(V2) acting on V as h ■ {x, y) = {x, h{y)). Let 
P : Q — > Q be the projection of the universal cover of Q. Then there is an action 
of 7ri((5, go) on AI ^ Q X V given by 

{q,v) ■ [a] = {q- [a],p(a"^) • v), 

where q- [a] denotes the deck transformation associated to [a] applied to a point 
q ^ Q. We denote by M the set of orbits of this action, and by II : M M the 
canonical projection. It is possible to prove that M is a manifold. Define a map V 

by 

V:M Q 
n(q,«) ^ Piq). 

It follows that M is the total space of a fiber bundle, and V is its projection over 
the base space Q. In addition, the fiber is V and the structural group is given by 
the image of p. Finally, set T — ll{Q x Tq). 

Theorem 1.7. Let T he an orbit-like foliation on a complete Riemannian manifold 
M. Then the closure of the leaves of T is a SRF. 

Remark 1.8. In 13 Molino proved that, if M is compact, the closure of the leaves 
of a (regular) Riemannian foliation form a partition of M which is a singular Rie- 
mannian foliation. He also proved that the leaf closures are orbits of a locally 
constant sheaf of germs of (transversal) Killing fields. If the foliation is a SRF 
and M is compact, then Molino proved (see [T^ Theorem 6.2 page 214) that the 
closure of the leaves is a transnormal system, but as he remarked it remains to be 
proven that the closure of the leaves is in fact a singular foliation. This question is 
known as Molino's conjecture. Molino's conjecture was proved for the case of polar 
foliations in [1] and for infinitesimal polar foliations in O |4] . 

So far the most well known examples of SRF's are 

• closure of regular foliations, 

• homogeneous and orbit-like foliations, 

• polar and infinitesimally polar foliations. 
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Moreover, other foliations can be formed from these ones, that for the sake of 
clarity we will refer to as pure foliations, by taking products, suspensions of homo- 
niorphism, spherical joins, surgery etc. 

Our theorem conclude the proof of Molinos conjecture to the pure foliations. 
This leads us to the following interesting questions: 

(1) Is there an infinitesimal foliation on Euclidean space that is not a product 
of pure foliations? 

(2) Can Molino Conjecture be proved for all the foliations generated by pure 
ones? In this case, one should be more precise about the exact meaning of 
"generate" . 

Along this paper, in order to prove the main results, we have to consider special 
cases of other interesting questions: 

(3) Let p : {M,F) -> {M,F) be the desingularization of the SRF F (see Defi- 
nition in Section [2]) and let / be a basic function of (M, F) that is smooth 
on the principal part of M . Under what conditions does the smoothness of 
the pull back function p* f imply the differentiability of / on Ml 

(4) Let f be a transverse operator defined on the principal part of M and let 
/ be a smooth basic function on M . Under what conditions is £{f) a well 
defined smooth basic smooth function on Ml 

As we will discuss in the proof of Theorem II. 7[ each closed pseudogroup G 
of isometries ol MjT can be lifted to a closed Lie pseudogroup of isometrics of an 
orbifold and hence, according to Salem [13l Appendix D] , admits a Lie pseudogroup 
structure. Therefore Theorem 11.41 and the discussion in the proof of Theorem 11.71 
imply the next corollary. 

Corollary 1.9. Let T he a closed orbit-like foliation on a complete Riemannian 
manifold M and G be a closed pseudogroups of isometries of M / J- . Then the Lie 
pseudogroup G acts smoothly on MjT. 

The above corollary leads us to our last question. 

(5) Let be a closed SRF on a complete Riemannian manifold M and G a 
closed pseudogroup of isometries of MjT . Under which conditions is the 
action of G on MjT smooth? 

This paper is organized as follows. In Section [2] we review the desingularization 
of SRF and discuss how one can lift isometric flows on a leaf space to isometric flows 
on the leaf space of a SRF with less singularities. In Section |3] we prove Theorem 
11.41 The main ingredients of this proof are a result of Schwarz [15] , some ideas of [6] 
and the regularity theory of solutions of linear parabolic equations. This regularity 
theory will demand some compatibility conditions that will be checked using the 
results presented in Section [2l Finally in Section |4] we prove Theorem 11.71 using 
Theorem 11.41 and results presented in Section [2] 

In Appendix [A] we review the concept of linearized vector flelds and discuss 
some of theirs properties. Roughly speaking the linearization of the inflnitesimal 
foliation provides the Riemannian homogenous part of Tp. Therefore a locally 
closed SRF T is orbit-like if and only if the inflnitesimal foliation is linearizable. 
Using linearized vector flelds we also point out the existence of smooth vector flelds 
of X(J-') that are invariant by homothetic transformation and the fact that tangent 
spaces of slices of the same leaf are isometric. 
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2. Blow-up along minimal stratum and lift of isometric flows 

Let be a SRF with closed leaves on a complete Riemannian manifold M . Like 
in the classical theory of isometric actions, by a composition of projective blow-up's 
along the strata it is possible to construct a surjective map : Af^ — M with the 
following properties: Me is a smooth complete Riemannian manifold foliated by a 
regular Riemannian foliation J-^ and the map sends leaves of J-^ to leaves of T. 
This map is called a desingularization map and if M / J- is compact, for each small 
e > one can choose and p^ so that doHiMfJ T^, Af/J") < e where don is the 
Gromov-Hausdorff distance; see j2] . 

In this section we briefly recall the construction of the first blow-up along the 
minimal stratum E (see |14[ and present Lemma 12. 4[ Lemma 12.81 and Lemma 
12.91 that will be used in the proof of the main theorems. 

Following a procedure analogous to the blow-up of isometric actions one have 
the next lemma. 

Lemma 2.1. Let N := Tubr(S) be a small neighborhood of the minimal stratum 
S . Then 

(a) N := {(x, [S,]) e N X P(iyl])|x = exp^(i^) for \t\ < r} is a smooth manifold 
( called blow-up of N along E ) and the projection or blow-up map p : N ^ 
N , defined as p{x, [^]) ^ x is also smooth. 

(b) E := /5-i(E) = {(7r([C]), (z N} ^ P(i^E), where tt : ¥{vT.) Y. is the 
canonical projection. 

(c) There exists a singular foliation J- on N so that p : (N —T,, J-) — S> (N — T,, J-) 
is a foliated diffeomorphism. In addition if J- is homogenous, i.e. the leaves 
are orbits of a proper action, then the leaves of J- are also homogenous. 

A little more complicate is to get the right metric on N . 

Lemma 2.2 ( 2 ). There exists a metric g on N such that J- is a SRF. 

Let us briefly recall the construction of this metric, that will be important in the 
proof of the results of this section. 

Consider the smooth distribution TL on N defined as i?exp(j) •= ^exp(4)*S'g where 
^ G i^'qE and Sq is a slice of Lg at q with respect to the original metric g. 

First we find a metric g with the following properties: 

(a) The distance between the leaves of 7^ on with respect to g and to respect 
to g are the same. 

(b) The normal space of each plaque of J-\n (with respect to g) is contained in 
H. In fact those spaces are the orthogonal projection (with respect to g) of 
the normal spaces (with respect to g) of J-"|Ar. 

(c) If a curve 7 is a unit speed geodesic segment orthogonal to E with respect 
to the original metric g, then 7 is a unit speed geodesic segment orthogonal 
to E with respect to the new metric g. 

We now come to the second step of our construction, in which we change the 
metric g in some directions, getting a new metric on A^ — E. 
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First note that, for small ^ e i^gS, we can decompose Tc-x_p^(^)M as a direct sum 
of orthogonal subspaces (with respect to the metric g) 

(2.1) Toxp_^(5)Af = ^^cip^(^) ffi -f^oxp,(?) ® ^oxp,(C) © ■^cxp,(5)' 

where -ff^^p j-^-i is orthogonal to i7cxpg($) and H^^^ ^.^^ C i?oxp^(4) is defined below. 

(1) -^oxp,(«) ^^^^ generated by ^ expg{t^)\t=i. 

(2) Set = expg(i/(E) ni?e(0)). Then iJ^^p is the orthogonal complement 

(3) iJ^xp (5) i^ ^'^^ orthogonal complement of Tc^p^j^^^Nq in Hcxp^{^)- 
Now we define a new metric g*^ on — S as follows: 

(2.2) gf,p^(^)(Z,W^) ■.^~giZ^,W^) + ~g{Zi,Wi) + ^~g{Z2,W2)+giZs,Ws), 

where Z„ W^, e H^^^^^^^ and Z^, G ff^p^^^^. 
Finally we define the pullback metric g := p*g'^ 

We have recalled the construction of the blow-up an J^-invariant neigbhoorhood 
A'' along S. We have explained the case where A^ = Tubr(S) because we will only 
be concerned with this kind of neighborhood A" and with this first blow-up p. 

Remark 2.3. For the sake of completeness let us explain the rest of the construction, 
e.g. when M is compact. We simply glue A^ with a copy of M — A" and construct 
the space Mr(S) and the projection pr : Af,.(I]) M. A natural singular foliation 
J> is induced on Mr(E) in analogy to the blow-up of isometric actions. To define 
the appropriate metric g^ on Mr(S) consider a partition of unity of Mr(E) by two 
functions / and h such that 

(1) / = 1 in Tub^/2(E) and / = outside of A^. 

(2) / and h are constant on the cylinders 9Tub5(S) for S < 2r. 

Set gr '■= fg + hg The desingularization p^ mentioned in the introduction is then 
the composition of the blow-up's along the strata. 

Lemma 2.4. Each flow of isometries tp : N/J- x / — > N/J- can be lifted to a flow 
of isometries ip : N / J- x / — ^ N / J-. 

Proof. Since ipt maps geodesies orthogonal to the minimal stratum to geodesies 
orthogonal to the minimal stratum, the lift (pt is well defined and continuous. 

Let x be a principal point and V the transverse space of the leaf Lx- Then V is 
decomposed into a direct sum of subspaces Vi ® V2 © V3, where Vi = iJ^ fl F; for the 
definition of Hi recall equation (|2.ip . Let V be the transversal space of Lg. where 
p{x) = X. Then V also decomposes into a direct sum Vj and dp : (Vj,gT) — )■ {Vj,gj) 

is an isometry where gT is the transverse metric of J- and gj is the restriction of 

2 

transvere metric gj- of 7^ to V, , if j ^ 2 and g2 — i^^gr- 

Note that ipt (respectively <pt) preserves the decomposition Vi (respectively Vi). 
Since the function is invariant under the action of (^t we infer that (pt is a 

local isometry on {p)~^ [Nq) / T , where A^o is the union of principal leaves of A^. 
Using the density of principal points in the quotient space N /F and the fact that a 



ISOMETRIC FLOWS ON ORBIT SPACES AND MOLINO'S CONJECTURE 7 

minimal geodesic segment joining principal points does not contain singular points, 
we conclude that the each (pt is a global isometry on N/J^. 

In oder to check that the derivative Y is locally bounded one can proceed as 
follows. By successive blow-ups one can lift a continuous one parameter local group 
ip on N/T to an isometric flow on an orbifold (see Remark [2.6|) where they are locally 
bounded by more classical results, see e.g. [TBI Salem appendix D]. Since the blow- 
up's are distance non-increasing maps between the leaf spaces (see [2 Remark 3.8]) 
the result follows. 

□ 

Although we will consider along the paper foliations J- whose leaves are homoge- 
nous but not necessarly Riemannian homogenous, we present the next result for 
the sake of completeness. 

Lemma 2.5. Let J- be the partition of N into orbits of the action of a compact 
group G of isometrics of N . Then there exists a new metric on N so that T 
turns out to be Riemannian homogenous, i.e. a partition of N into orbits of an 
isometric action of G on N with the respect to the new metric . The transverse 
metric associated to the new metric g*^ coincides with the transverse metric of the 
original metric g of N . 

In particular a flow of isometrics if on the orbit space N/J- can be lifted to a 
flow of isometrics (p on the orbit space N/J- with respect to the new metric g^ . 

Proof. We first claim that the action of G on each stratum preserves the normal 
bundle (with respect to g) of each orbit in this stratum. In addition G acts isomet- 
rically on the fibers of this bundle. 

The above claim is a direct consequence of the following facts: 

(1) The distribution of Ti is invariant under the action of G. 

(2) The normal bundle of the orbits (with respect to the original metric g) is 
invariant under the action of G. 

(3) The orthogonal projection (with respect to the original metric g) is also 
invariant under the action of G. 

Now, since the action preserves the decomposition Vi, V2 and V3 the claim is 
also valid for the metric g^ and hence to the blow-up metric g = p*g^ . Finally 
one can define the new metric as 

f{X,Y) / gidgX,dgY)LU 

JG 

where w is a right-invariant volume form of the compact group G. The rest of the 
proof follows from Lemma 12.41 

□ 

Remark 2.6. When M is compact, we can take into account Remark 12.31 and gen- 
eralize the above results as follows: 

(a) Each flow of isometrics ip : M/T x I ^ M/T can be lifted to a (smooth) 
flow of isometrics : M^/T^ x I ^ M^/ F^. 

(b) If F is the partition of M into orbits of a compact group G of isometrics 
of M, then there exists a metric gp on Me so that J-e turns out to be the 
partition of M into orbits of an isometric action of G on M^. In addition 
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the transverse metric associated to this new metric coincides with the 
transverse metric of the original metric ge of M^. 



2.1. Blow-up functions. We conclude this section introducing a class of basic 
functions on N that will be used to check some compatibility conditions necessary 
to prove the regularity of solutions of a (weak) parabolic equation; see Lemma 13.71 
Consider the blow-up p : {N,Tn) — > {N,Tn) of N along its minimal stratum D. 

Definition 2.7. We say that a continuous J^Ar-basic function h on N belongs to B 
or is a blow-up function^ if 

(a) /i o p is a smooth J^-basic function on N; 

(b) the restriction of /i to D and to iV — £> is smooth; 

(c) -^h o a{0) = 0, for each geodesic a orthogonal to the singular stratum D 
and such that q;(0) is a singular point. 

In what follows we prove two important properties of these functions. 

Lemma 2.8. If h £ B then h is a function. 

Proof. Let g be a singular point. In order to prove the lemma, it suffices to show 
that 

(2.3) e,- • h{p,) ^ 

for each sequence pi ^ q and for some frame {e}} tangent to the distance spheres 
in the normal bundle of I?. In fact, first consider a simple example, namely when 

= is foliated by concentric circles around the origin and D — {q} — {(0, 0)}. 
In this case one must prove that Vh{pi) 0. Note that -§^{Pi) = ai^(Pi) + '*2e(pi) 
and ^(Pi) = bi^{pi) A-h2e{pi) where |oi| and \bi\ are bounded. Equation (12. 3p and 
item (c) of Definition 12. 71 imply that Vh{pi) 0. Finally in the general case where 
D has more than one point, we still only need to prove equation (|2.3p . because 
Cj ■ h{pi) -> (j ■ h{q), where {Q} is a frame orthogonal to the leaves of Jjv and 
orthogonal to the fibers {N^} cf., the proof of Lemma 3.5]. 

Set g :— hop and let {p„} C be the hft of {pn}- We can assume without 
loss of generality that {pn} is contained in a relatively compact neighborhood that 
admits cylindrical coordinates (r, 0i, Zi). 

Define ejO/5 = ^/5*-J-. Also, let ^= (6*1, . . . 6'codim(Z5,Af)-i) and z = (zi, . . . ZdimZ?)- 

By definition of ej , in order to prove equation (|2.3p it suffices to show 



(2.4) Mm ^^irin),e{n),z{n))^0 
n-i-oo r[n) oOi 

for the sequence p„ — {r{n),9_{n),z_{n)) that converges to the fiber {0,0_,z_) 
From the definition of g we have 

(2.5) ^(0,£,z) = 
Condition (c) implies 

(2.6) ^iO,0,z)^O 
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and hence, since g is smooth (see condition (a)), we conclude that 

From mean value theorem we also have 
(2.8) 

^- — {r{n)Mn),z{n))-4z-Mi^Mn),z{n)) < |^(f(„),^(n), z(n)) 



r{n) dOi ' ' r{n) dOi 

Now Eq. (|2.4p follows direct from equations (|2.5p , (|2.7p and 

□ 

Let be a flow of isometrics on N / and consider the flow of isometrics on 
N/J-]y defined in Lemma [2.41 Let Y be the associated derivative in the quotient 
iV/J"jv; recaU Definition [T^ 

Lemma 2.9. Assume that (p is smooth. If h ^ B then (pl(Y ■ h) ^ B. 

Proof. We must check that the function {Y ■ h) o ip^ satisfies the conditions of the 
Definition!^ 

Condition (b) of Definition 12.71 follows from hypothesis. 

Now we want to check condition (a) of Definition 12.71 Note that ipt+s o p ^ 

p ° Vt+s- 

{Y ■h)op,op{-) ^ ^h{p{p{p{-),s),t))\t=o 
" ^'^(^('5(-),s + <))|t=o 

= lh{p{0,+,i-)))\t=oeC-'. 

Finally we have to check condition (c) of Definition 12.71 Let 7 be a geodesic 
orthogonal to the minimal stratum D and 7 C iV a lift of 7. Consider the smooth 
function g{k,t) := h o p{ipg^i;(j(t))). Note that ^k+s o 7 is a horizontal geodesic 
orthogonal to the lift of D and hence that p o ip^+s o 7 is orthogonal to D. This 
fact and the fact that h £ B (in particular satisfies condition (c) of Definition 12. 7p 



imply that M-g(k,Q) — 0. We conclude that 



d - 

— {Y-h)0ip,0-l{t))\t=Q = -Q^KVs + k{l{t)))\k,t=Q 

h{p o ^s+k{l{t)))\k,t=o 



9ik,t)\k,t=o 



dtdk 

dtdk' 

gkdl9ik,t)\k,t=o 
0. 



□ 
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Remark 2.10. As we prove Theorem 11.41 it will be clear that the hypothesis in 
Lemma [231 i-G- the smoothness of (p, is always satisfied when is homogeneous. 

Remark 2.11. The above results are also valid for foliation with disconnected leaves; 
for definitions see the beginning of Section [31 

3. Isometric flows on orbit spaces: proof of Theorem 11.41 

In order to avoid cumbersome notations, we will denote each basic function 
/i : A/ — > M and the induced function on M/T by the same letter h. 

We know that Theorem 1 1.41 is true when all orbits have the same dimension, see 
e.g. |13[ Salem appendix D] and SwartzjlTj. We assume by induction that Theorem 
11.41 is true for a number of strata lower or equal to n — 1. 

Let g be a point of the minimal stratum E and Z? C S a slice to the foliation 
that contains q. For each p Q D we define Np := expp(i'pE n B^{0)) and we 
set N :— Up^oNp. Finally consider T D N the intersection of J- with the 

manifold N. 

It might happen that some leaf in J- intersects N in more than one leaf of Tn, 
and we want to take this into account. This is why we consider J-n as a foliation 
with disconnected leaves. In other words, along Section [3l we think of J-jv as a triple 
{N,T%,K) where {N,F^) is a (usual) SRF, K is a group of isometrics of N/T'^, 
and the non-connected leaves of J-'n are just the orbits K ■ Lp, for Lp G (think 
for example to the orbit decomposition of a group action, by a disconnected Lie 
group). 

Note that the restriction of the flow ip to the orbifold S/J-s is smooth. Therefore 
we can lift tp to a. smooth flow on D] see [T^. Let Y be the integral curve of this 
flow starting at g G Z?. Let N\y denote restriction of the bundle pat : D to 

y C D. Finally let X denote the fiber Nq of pat. 

Before we go through the details, let us briefly explain the main idea of the proof. 
We will prove that Lp is smooth on N/ Fm x I- In other words, for a given smooth 
J^AT-basic function h on N we will prove that ip*h in a. smooth basic function on 
N X I with respect to the foliation x {*} — {Ln x {*}}■ In fact we will prove 
something stronger, namely the existence of a smooth basic field Y on N whose 
flow projects to ip. Once we have showed this, the proof will be complete, since 
the basic vector field Y can be extended on a neighborhood of iV in M using the 
composition of the flows of smooth vector fields tangent to the leaves of the singular 
stratum S; see item (a) of Definition ll.il The proof that p is smooth on N/Fn x I 
will require three steps. 

First we will prove in Proposition 13.41 that the restriction oi ip*h to X x I is 
smooth where X := Nq. The main idea here is to use some some arguments of 
[6] to check that u{x,t) := ip>*h{x,t) is a weak solution of a parabolic equation; 
see equation (13. 3|) . Then we will apply regularity theory of solutions of linear 
parabolic equations to prove that u is smooth. This regularity theory requires 
some compatibility conditions that will be checked using Lemmas 12.81 and 12.91 see 
details in Lemma 13.71 

Then in Proposition l3.8l we will prove that the restriction of (p to {N\y / Fn) xI is 
smooth, i.e. given a smooth function h on N/J-n we will prove that ip*h is smooth 
on {N\y/J-n) X I. Here we will apply Proposition 13.41 properties of the flow and 
Inverse Function Theorem on orbit space (see [IH page 45]). 
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Once we have proved in Proposition l3.8l that the restriction of to {N\y / J-n) x I 
is smooth, it will follow from Schwarz 15, Corollary 2.4] that there exists a smooth 
basic field Y on the subbundle N\y whose projection onto the quotient is the flow 
of (f. 

Finally, we will prove in Proposition 13.91 that this vector field can be extended 
to a vector field defined on N whose projection onto the quotient is still the flow of 
ip and the proof will be concluded. 

Before we start the proof of Proposition 13. 4[ let us make some considerations 
about the metrics on N, the structure of the fiber bundle pn '■ N D and some 
properties about the subbundle N\y- 

Lemma 3.1. There exists a metric g on N that preserves transverse metric of 
i.e. so that the leaves of have the same distance as the plaques of T that contain 
such leaves. In particular and J-n are SRF on {N, g) . 

Proof. This metric can be construced as follows. Consider the regular distribution 
H defined as := T^Sp where z S Np. According to [21 Proposition 3.1] there 
exists a metric g on a neighborhood of N so that the normal space of (with 
respect to g) is contained in H and the SRF (with respect to g) has the same 
transverse metric of (with respect to the original metric) . Let 11 : TM — >■ TN 
be the orthogonal projection (with respect to original metric) and define a metric 
on TN as (n|^^)*g. Let us denote this new metric on N also as g. Following [2j 
Proposition 2.17] we conclude that J^'^ is a SRF on (A^, g). 

□ 

Let TTjro^ : N N / F% be the quotient map and note that 7rjra^{D) can be 
identified with D. Let Pat/jfj^ : N/J^^ — >■ be the submetry with fibers Np/J^. 
Note that the diagram below commutes 

N '-^ 

The equation below will allow us to prove the next lemma. 

(3.1) Pat = Pat/^o o TT^o 

Lemma 3.2. There exists a metric gN on N with following properties: 

(a) The submersion pn ■ N ^ D is Riemannian. 

(b) Each fiber Np is flat 

(c) The foliation J-^ is a SRF on {N,gN). 

Proof. Consider the regular distribution % defined as := T^Sp where z e Np 
and the metric go on % so that A{expp)^TyTpSp Hexp (v) is an isometry, where 
V is normal to S. Let Ft : TM — > TN be the orthogonal projection (with respect to 
original metric) and define a metric on TN as (n|^"'^)*go. Let us denote this new 
metric on N also as go. Following [21 Proposition 2.17] we conclude that is a 
SRF on (TV, go). In particular, if N is identified with a neighborhood of we 
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have defined a metric on this neighborhood, so that VpT, is flat. This follows from 
the fact that TxNp C Hx and from the fact that d{expp)vTyTpSp — > H^xp (v) is an 
isometry. 

Now consider V3 the distribution orthogonal to the fibers of N; recall V3 defined 
in Lemma 12.41 We will change the metric of V3 in order to get the appropriate 
metric gN satisfying (a) and (c). 

Set I3 " := (7rjro^)*Vi3 and consider the metric on " that makes the 

submersion Pjv/j^" Riemannian. Finally consider the metric on V3 so that (ttjto )* : 

V3 — ?> V3 " turns out to be an isometry. 

Equation (|3.ip implies that p^y is a Riemannian submersion with respect to the 

new metric gAr. Since ' " — (7rjr„)*V3 we also conclude that £^(gAr)|y3 — 
for each vector field X tangent to the leaves; here denotes the Lie derivative. 
This last fact and the fact that T% is a SRF with respect to some metric (e.g., the 
metric g constructed before) imply that J^^y is SRF with respect to gAr; see similar 
argument in [2]. 

□ 

Unless explicitly stated otherwise, we will always consider the Riemannian met- 
ric gAT on TV defined in Lemma W72\ 

Recall that the goal of this section is to prove Theorem 11.41 In particular, we 
are assuming that the leaves of (M, J^) are the orbits of a smooth action of a Lie 
group on M. 

Lemma 3.3 (The group G). The points of the curve Y have the same isotropy 
group G := Kq. Also note that the restriction of Fn to N\y is the partition of N\y 
into the orbits of the (isometric) action ofG. 

Proof. Let us denote (pt the isometry on the slice D oi q that is the lift of ipt\ see 

e.g. m- 

We first claim that (ptKqip^ ^ — K^_^(^qy Let p be a principal point in the slice D 
and k S Kq. Set fci :— (ptkip'^^ . Note that kiLpt{p) — (pt{kp). On the other hand, 
since (pt is an isometry in the quotient and in particular sends loops into loops, we 
have that there exists /c2 G ^ipt(q) such that k2<pt{p) — 'f>t{kp). Therefore, since p 
is a principal point we infer that ki = k2 and hence (ptKq(p^^ C K^^(^qy The proof 
of the other inclusion is identical and hence the claim has been proved. 

Now, since D is a slice at q, we have that K^^(^qy Kq are compact Lie subgroups 
and K^p^i^q-^ C Kq. These facts and the above claim imply that K^^(^q-^ — Kq. 

In the particular case where JF is Riemannian homogeneous, then the fact that 
G acts isometrically follows from the previous lemma. 

□ 

We are finally ready to start our discussion about the smoothness of ip. 

Proposition 3.4. Let h be a smooth function on N/J-n then the restriction of (f*h 
to X X (— e, e) is smooth, where X = Nq. 

Proof. The proof of proposition 13.41 will require the lemmas below. 
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Consider the metric g on N that preserves the transverse metric of see Lemma 
13.11 Then iy9 is a flow of isometrics on (A^, g)/7^Ar. This fact, the same argument in 
Proposition 2.3] and item (c) of Definition II . 2 1 implv the next lemma. 

Lemma 3.5. The restriction of the flow (p to N/J-jsi x (— e, e) is a map. 

Note that for each fixed t we have an isometry (j>{t) : XjTfq N^^^^-^/Tm de- 
fined as (f){t){x) := ip{x,t), c.f., [5]. Here 7 denotes the integral curve at q that 
parametrizes Y. 

Since X and N^(t) are flat, it follows from [6j Proposition 2.1] that (j){t) preserves 
the mean curvature vector field. From J6l Lemma 2.5] the following equation holds 
in weak sense. 

(3.2) A<p{t)*h^ (l){t)* Ah. 

where Ah denotes the Laplacian operator with respect to Nj(t) applied to the 
restriction of h to ./V^(t). 

Set u{-,t) :— (j){t)*h. From Lemma 13.51 -^u is continuous and we can define 
f{■^t) = 4>*{t) Ah + ■^u{-,t). Then the above equation implies 

(3.3) ^u + Au^f 

at 

in weak sense. 

The equation above motivates us to consider the results of regularity of parabolic 
equations to prove that u is smooth. Let us recall the next result that can be found 
in Evans [SJ Theorem 6, page 365]; for definitions and notations about Sobolev 
spaces see [§]. 

Lemma 3.6. Assume that g 6 ij2™+i(X), ^ e L^{0,T, H'^"'~^''{X)) (k = 
0, . . . ,m). Suppose also the following m*^^ -order compatibility condition holds: 

<?o = 5 e H^{U),gi = /(O) - Ago £ H^{X) 

Let u e L^{0,T,Hl{X)) with ^ G L^{0,T, H-\X)) he a weak solution of 

— u + Au = f in Xt 
dt 

u = OonaXx[0,T] 

u — g onX {t — Q} 

Then ^ e L2(0,r,ij2™+2-2''^(X)). 

The regularity theory of solutions of linear parabolic equations requires some 
compatibility conditions, that will be assured in the next lemma. 

Lemma 3.7. Let h Cz B and set u{-,t) := <f){t)*h. Then for n >0 we have 

(a) ^{■,t) e C°°{X) for each t. 

(b) ^gL2(0,T,i?i(X)). 

Proof. Let us prove the case where n = 1 the other cases are identical. Recall that 
we are assuming by induction that Theorem [L4] is true for a number of strata lower 
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or equal to n~l. Therefore we can assume that Lemma 12^ holds . and (p is smooth. 
We also know that 

(p [Y -h) 



dt 



The above equation, Lemma [2.81 and Lemma [2.91 imply that ^(-ji) is for each 
t. The above equation also implies that ^ is continuous. 



Note that in the regular stratum 



Since ^(-jt) is we can apply the same argument as in [6] to infer that the 
following equation holds weakly: 

(3.4) A^^^*it)h = ^^rit)Ah 

From regularity theory of solutions of elliptic partial differential equations [8] we 
conclude that ^{-yt) is H^{X). Applying the argument successively we infer the 
smoothness of ^{-.t). 

Now since Yoh G B and ipt^ sends orthogonal geodesies to the minimal stratum to 
orthogonal geodesies to the minimal stratum we have that the directional derivatives 
of ^ exist. Then we have that 

nil _ 

||v-|| = ||v^*(r./.)||. 

The term on the right-hand side of this equation is a continuous function due to 
Lemma 13.51 

Finally the fact that ^ and ||V^|| are continuous and item (a) imply item (b). 

□ 



We claim that equation p.Sp . Lemma lB. Gl and Lemma 13.71 implv that the function 
u defined as u{-,t) = (j)(t)*h is smooth and hence the proof of the proposition is 
complete. In what follows we explain this claim. 

Note that go(-) = u(-,0) = /i e C°°. Set f{-,t) := <P*[t) Ah + ^^cj)*{t)h. From 
Lemma 15771 equation p.3|) and Lemma we conclude that u G L^{0,T, H^{X)). 

Now we want to apply Lemma 13.61 to check that 

(3.5) ue L'^iO,T,H^{X)). 

In order to do this we must check the compatibility conditions. The first one to 
check is 

(3.6) f e L^{0,T,H^{X)). 

Replacing the smooth function h with the smooth function Aft, in the above dis- 
cussion, we have that 0* A ft. G L^{0, T, H'^{X)). Therefore to get equation p.6p we 
need to prove that 

(3.7) ■.= ^u^L\0,T,H\X)). 

at 

Note that Lemma [3.71 implies: 

(3.8) _0*(f) Aft +—0*(t)ft =:/!(•, i) gC^ and/i Gi2(o,T,i?i(X)). 
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As discussed in the proof of Lemma 13.71 and we have the weak equation: 
(3.9) 

and hence 



dt 

in weak sense. Now we can apply Lemma 13.61 (m = 0) and infer equation p.7p and 
hence equation (|3.6p . 

We have aheady proved in dSH) that fj = e L'^{0,T, H\X)). We know 
from Lemma [3.71 an. qi G C°° . These facts and equation (13.61) allow us to apply 
Lemma 13.61 and to infer the desired equation (13.51) . 

Now one can apply the same procedure to prove that 

(3.10) u G L2(0,r,iJ"(X)) 

Here one has to apply Lemma \3M [m < n) for := and — -^f- 
Finally equation (j3.10l) for all n implies that u is smooth as usual. 

□ 

Proposition 3.8. The restriction of (p to {N\y/J-n) x I is smooth. 

Proof. If y is a point, then the result was already proved in the previous proposi- 
tion. Let us assume that Y is not a point. 

We know from Proposition 13 .41 that -0, i.e., the restriction of cp to Nq/F^ x I, is 
smooth and therefore we can apply Inverse Function Theorem on orbit space (see 
[151 page 45]) to conclude that ■0"^ is smooth. Note that, since for each fixed s 
the function Pn/Tn ° V^l'' ^) ^ constant A:(s), it is not necessarly to reduce Nq in 
order to define We claim that the diagram below commutes, and hence ip is 

a composition of smooth maps and therefore is a smooth map. 



N 



i>-^ xld 



(X/Tn xI)xI- 



{X/Tn X /) 



(Pl,P2+P3) 

In fact, set z = 7p{x,s). Then we have 

P>{z,t) = Lpt{z) 

= (/3t(V'(i,s)) 
— ip{x,s + t) 

= 0(P1 0^-^(2), P2 1^-l(z)+t). 



□ 



Finally the smoothness of p on N / J-n x I will follow from the proposition below. 

Proposition 3.9. There exists a smooth basic vector field Y on N whose flow 
projects to tp. 
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Proof. As we have seen in Proposition 13.81 restricted to N\y/J-n x / is smooth. 
Therefore by Schwarz [151 Corollary 2.4] there exists a smooth basic field Y on the 
subbundle N\y whose projection onto the quotient is the flow of ip. In what follows 
we will extend this vector field to a vector field defined on N whose projection onto 
the quotient is still the flow of ip. 

Let ^ be an equi variant vector field normal to Y, defined along the orbit Y C D, 
i.e., ^(z) S TzD n (TzY)-^. This vector field can be extended to be a normal vector 
field of N\y so that the restriction of ^ to each fiber o{ N\y is a basic vector of the 
submersion pN N ^ D. 

Lemma 3.10. is a foliated vector field of and for each fixed x the geodesic 
t exp^(i^(x)) is always contained in the same stratum. 

Proof. We first claim that ^ restricted to the regular stratum A^o is a foliated vector 
field, i.e. a basic vector field with respect to the local submersions that describe 
the regular foliation on n Nq. Let £, be the foliated vector field of Lp so that 
^(p) = £,{p). Note that ^ is normal to each fiber A^^ since each fiber A^^ is invariant 
under the foliation T'^. Finally, due to equation p.ip . we note that, for every x in 
the leaf Lp, the horizontal geodesies (with respect the submersion p^r : A — ^ I?) 
given by ax{t) = expj.(i^) project to the same geodesic in D. This implies that 
f (x) = £,{x) for each x € Lp and concludes the proof of the claim. 

Now note that ax can not contain a singular point ax{to). Otherwise the above 
claim and equifocality [7] would imply that two lifts of a geodesic in D with respect 
to the submersion p^r should intersect at ax{to), contradiction. Therefore ax is 
always contained in the regular stratum. 

Finally, induction and the same argument as above imply that ^ restricted to 
each stratum is a foliated vector field and for a fixed x the horizontal geodesic ax 
is always contained in the same stratum. 

□ 

Now we want to extend the vector field Y defined on A^|y to a vector field on A^. 
If the orbit Y is not a single point, then A admits a regular foliation {A^| YpjpeD 
whose leaves are the subbundles Ajy^ where Yp C D is the orbit at p £ D. In this 
case the most natural choice would be to consider the "parallel" vector field, i.e., 
Y{r]^{x)) := d{r]^)xY{x) where r]^{x) := exp^(^) is the end point map, that turns 
out to be a diffeomorphism between the leaves N\y and Ajy^ for p := 77^(9) E D. 
Considering all equivariant vector field ^ and using the fact that the orbits in D 
have no singular point, one could check that Y is smooth. 

In other words, if the orbit Y := Yg C D is not a single point, then the vector 
field Y G X(A) is defined so that the following diagram commutes 

TiN\Yj ^^^^T(7V|yJ 



Ny ^A 
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where C I? is the orbit at p :— ii^{q) G D. 

This turns out to be the right choice of vector field Y. But it is also necessary to 
take into consideration the case where the orbit Y C D is a single point. In order 
to include both case simultaneously, we generalize the above definition. 

Let : N\y be the foot point projection. Let v{x) be the only vector 

normal to the orbit Y C D such that exp{v{x)) = p]^{x), where pn '■ N D is the 
submersion defined before. Note that the foot point of v{x) is z = pa? o p''{x). Now 
let ^t,x be the basic vector field along the fiber ^^,^^(2) that projects to {ipt)*v{x). 
Set f3{x,t) := ipt o p'^{x) G N\y- We can finally define 

(3-11) Y{x) := ^exp^(^ j)(^t,:r)|t=o- 

Lemma 3.11. The flow ofY projects to a flow on N/J-n. 

Proof. Consider two vector fields and ^2 constructed as above so that restrict 
to the orbit Y C D projects to the same vector in the orbifold D/Tn- This implies 
in particular that there exists an isometry /c of D so that S,2{k ■ y) = fc*^i(y) for 
each y eY C D. 

Since fc is a holonomy element of J-'js it can be extended to an J-'^ foliated 
diffeomorphism k : N N. 

Now consider two leaves Li and L2 in Ny of a nonconnected leaf of J-n and so 
that L2 = k ■ Li. For a point xi G Li set X2 S L2 as X2 := k ■ xi. 

Define the geodesies t ai := exp^,{t£^i(xi)). We first claim 

(3.12) 7i";r„(Q;i) = 7r^„(a2), 

where njr^ : TV — )■ N/ !Fjq is the quotient projection. 
Equation (|3.12p follows from 

(3.13) 7r^o(fc-ai) = 7r^o(a2). 

Equation p.l3p in turn follows from equation p.ip and from the next equation: 

PN/J^^iT^Tlik ■ ai)) = PN/jrO^{-KjrO^{a2)), 

where Pn/j^% ■ ^/J'n D is the induced submetry. 

Let Pi be the integral curve of Y starting at Xi . Note that by construction of Y 
restrict to Ny we have 7rjr„(/3i) — 7rjr„(/32)- This fact and equation p.l2p imply 

(3.14) 7r^„(/ii) =^^„(/i2). 

where h^{s,t) := exp^^(g-, (i^i o /3i{s)). 

Finally equation p.l4p and Lemma [3.101 conclude the proof of the lemma. 

□ 

The next lemma concludes the proof of the proposition. 

Lemma 3.12. The projection of the flow ofY coincides with the flow ip. 

Proof. Consider xi G Y C D, yi = (pt{xi) E D. Let X2 be a point in N so that 
Pn{x2) = xi and 2/2 a point in the integral curve of the vector field Y (restricted 
to the bundle N\y) passing at X2 defined as j/2 = 'Pt{x2). Now define the following 
geodesies: axi{s) := exp^^(s^) and ay^{s) :— expy_^{s{ipt)*£,)- ^l^o define ax2{s) ~ 
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exp^, (s^(j:2)) where is the hft of ^ and ay^is) := expj,^ (s^((y2)) where is the 
hft of {(pt)*t 

Let TTjr^ : N — >■ N/Tjq be the quotient map. 

It suffices to check that 

(3.15) 7r^„ OQfy^ (I) = (/?t0 7r;r„ 001^2(1) 
Like p.ip we know that: 

(3.16) Pw = PAf/.F« ° TT^jv 

where Pn/Tn • ^I^n ^ D/J-iq and p^r : N — s- D/ Tn are the natural submetries. 
Apart from the above equation we also know that: 

(3.17) 'Pn/Fn o(pt = (pto Pat/^jv 

(3.18) Pat o ay^ = ttjt^ o ay^ , pn o a^^a = ^^.t^jv ° 
(3.19) 

(3.20) TTjr^ O aj,^ (0) =(ptO T^Tn ° ^X2 (0) 

Therefore equations p. 181) and p.I9p imply 
(3.21) 

It follows from equations p.2ip and p.l6p that 

(3.22) Lpt o TT^jv ° a^Ji = Pn/j^n ° '^J'n ° 
Equations ((XT5|) and imply 

(3.23) TTjF^ o = Pjv/j?^jv ° '^.Fn ° "a^s 
From equations p. 231) and (13.17^ we infer 

(3.24) (ft o TTjr^ o a^^ = Pn/j^n ° ft ° t^J'n ° "^2 
Now equation ((3l^ follows from ([3:22)) . ((3:24| and ([3:20| 

□ 
□ 

4. MOLINO'S CONJETURE: PROOF OF THEOREM 11.71 

In this section we will use notations and ideas that appear in the proof of The- 
orem (TTJl 

First note that the closure L of each leaf L of is a closed submanifold. This 
can be proved using the fact that if L and its closure L are contained in the same 
stratum and by the structure theorem of Molino [13 ; for non compact case see 
Salem il3 :, Appendix D]. 

Now we note that the partition T — {L} jr is Riemannian, i.e. the plaques 
of !F are locally equidistant. In fact, the equifocality of F (cf. [7]) implies that 
plaques of are equidistant to a plaque of Lq and hence that the plaques of F are 
equidistant to a plaque of Lq] see similar argument in |21 Proposition 2.13]. 

In what follows we will prove that this partition is a smooth singular foliation. 

Let 5 G S be a fixed point and consider the same submanifold N defined in 
the proof of Theorem 11.41 i-e. we consider D C S a slice to the foliation 
that contains q and for each p £ D we define Np := exp (t'pE n Bi{0)) and we 
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set N UpeoNp. Finally consider J^n J- f] N the intersection of with the 
manifold N. 

We want to prove that for each given vector v with footpoint q tangent to S n 
and to the closure of the leaf in S, there exists a vector field Y tangent to the 
leaves of J- so that Y{q) — v. 

Here we no longer need to consider J-j^ as a foliation with nonconnected leaves. 

We will consider a metric g on A'^ with the same transverse metric of J-] i.e. so 
that the leaves of J-V has the same distance as the plaques of that contains such 
leaves; see Lemma [Ol 

The same kind of argument used in the proof of Proposition |3]9] (i.e. basic vector 
fields of the submersion : N D are foliated vector field of J^n) allow us to 
conclude that there exists a compact group Gq that acts smoothly on N and such 
that the leaves of the singular Riemannian foliation J-^r are orbits of this action. 
In other words -Fjv is homogenous. Note that it is not necessarily Riemannian 
homogeneous, i.e. the group Gq does not need to act isometrically on N. But this 
fact is not important because in order to apply |15j we only need a smooth proper 
action. 

Let L be a leaf in the singular stratum E and a a curve in L. Consider a 
submanifold iVo that contains a(0) and iVi that contains a(l) as above. Let J-^^ 
and J^ATj be the induced foliation on iVo and iVi respectively. 

Following the flow of vector fields tangent to the leaves we have a diffeomorphism 
between Nq and A^i that sends leaves of J^atq to leaves of J^Ni ■ Due to the proper- 
ties of the metric g* on Ni defined in Lemma TS.!) this diffeomorphism induces an 
isometry t^^,] ■ (iVo, g°)/-^Wo ^ (^iig^)/-^Wi that depends only on the homotopy 
class of a. 

Now we consider a curve a with initial and final point in N so that is an 
isometry on {N,g)/J^N. Let Hol(J^Ar) be the pseudogroup in the metric space 
{N, g) / Tn generated by all isometrics Tq, , for all curves a with initial and final 
point in TV. Let Hol(J^Ar)|£) be the restriction of this pseudogroup to D. 

Using Molino's theorem in the regular foliation and the definition of Tq we 
can conclude that ttj^j^^v is tangent to the orbit of the closure of IIo\{J-n)\d- 

Let {N, J-N,g) be the desingularization of {N, Fn^ g) (recall Section 2); in order 
to avoid cumbersome notations, here we are using the notion N also to denote the 
desingularized space and not only the first blow-up along the minimal stratum. Like 
in Lemma 12.41 (see also Remark 12. 6|) we can lift the isometry r[Q,] to an isometry f 
of the orbifold (iV,|)/^Ar. 

Let H be the closure of the pseudogroup generated by all isometrics f constructed 
in this way. By Salem |131 Appendix D] this is a Lie pseudo group. 

We claim that we can find a Killing vector field Y in the orbifold (iV, g)/ Fm with 
flow (p such that (pt ^ H , the vector field Y restricted to D projects to a derivative 
Y and so that %j,^{q) = t^Tn^,^- 

In order to understand the above claim, first note that each element of the 
closed Lie pseudo-group Y{o\{Fm)\d admits a lift h E H. On the other hand con- 
sider the induced map p\g ■ D/Fm — D/Fn. Each (possibly nonconnected) orbit 
of H is closed in D/Fn (see [13l Appendix D Corollary 3.2]) and therefore in- 
tersects the fiber (^[^{q) only in a finite number of connected subsets. Therefore 
p{H{q)) consists of a finite union of connected submanifolds contained in the orbit 
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Hol(J^7v)|n(9)- These facts together imply that the derivative of sends the tan- 
gent space of the orbit H(q) onto the tangent space of the orbit Hol(J^Ar)|£)(g) and 
the claim follows. 

Finally, let cp be the flow of isometrics on {N, g) / that comes from the pro- 
jection of the flow (f oiY. 

Since {N,Tn) is homogenous, it follows from Theorem 11.41 that (p is smooth. 
From Schwarz [IJl Corollary 2.4] we can lift (p and produce the smooth vector field 
y on iV tangent to v. Finally, using the flow of vector fields tangent to the leaves, 
one can extend the vector field F on to a vector field on an neighborhood of q 
in M that is tangent to the leaves of T and this concludes the proof. 

Appendix A. Linearized vector fields and orbit-like foliations 

In this appendix we review the concept of linearized vector field introduced in 
|13) and prove, among other results, the following: 

(1) The linearization of the infinitesimal foliation gives the Riemannian 
homogenous part of J-p. Therefore a locally closed foliation is orbit-like 
if and only if the infinitesimal foliation is linearizable. 

(2) There are vectors fields in that are invariant by homothetic transfor- 
mation; here, as in Definition ll.il we denote as the module of vector 
fields that are always tangent to the leaves of J-. 

(3) There exists a linearized flow that provides an isometry between tangent 
spaces of slices at points in the same leaf. 

Let (M, J^) be a singular Riemannian foliation on a manifold M, and let L be 
a singular leaf. Given p G £, let Pp denote a plaque (i.e. a neighborhood of p 
in L). In [7] new metrics g, g\ and go were created on Tub{Pp) ~ v{Pp). Let's 
point out that g and go depend on the choice of a family X of vertical vector fields 
{Xi, . . .Xk} on Tuh{Pq) that are everywhere linearly independent and provide a 
basis for the points of Pp. Nevertheless, the metric of goUpPp is intrinsically defined. 

A family X defined as above gives rise to a sub-foliation J^^ , and a ^-orthogonal 
splitting T{Tub{Pp)) := A(B B, where A = TT^ and B is the tangent space to the 
slices. From now on, we will look at Vp{Pp) instead of Tub(Pp). In particular, if 
X is a vector field with components X = X^ + X^ , then X^ is always tangent to 
the fibers, and the restriction to one fiber X^j^^p^ can be seen as a vector field on 
a vector space. 

For Pp small enough, i^Pp ~ Pp x M™, and we can write a point in i/Pp as a 
couple {q,v). Again for every vector field X, the projection X^ is a vector field 
tangent to the fibers, so X^\,y^p^ is a vector field on a vector space. 

Definition A.l. Consider Y E X{J-'). For any A G (0, 1), define Y\ as 

{Yx)p^{hx)-'Y,,^ip), 

and let = limA^o^A- Such vector field Y^ is called linearization of Y. If 
Y^ = Y, then Y is called linearized. 

Example A. 2. Consider a SRF foliation T on M", where {0} is a leaf. Given a 
smooth vector field X G X(J^) defined around 0, the corresponding linearized vector 
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field is given by 



= lim(/iA):'^h,(„) = lim \xx, = (v„X 

In other words, X^-^ = ^V(.)X^ and in particular it is a linear vector field. More- 
over, since e X(J^), it is tangent to the distance spheres around 0, and therefore 

o = {x^,v) = {(y^,x)^,v) 

In other words, the linear vector field X^-^ — (V(.)X)o is determined by a matrix 
which is skew-symmetric and hence X^ is a Killing vector field. 

With this example in mind, we can proceed to describe the generic situation: 

Proposition A. 3. Let Pp, Tub{Pp) defined as before, and let tt : Tuh{Pp) — > Pp he 
the closest-point projection map. Let Y £ X{J-). Then: 

(a) is well defined, and is smooth, 
(h) Y^ belongs to X(J"). 

(c) Y^ is invariant under the homothetic transformations /ia*- particular 
^yi-jL _ Y^ , i.e. the linearization of a vector field is a linearized vector 
field, and the terminology makes sense. 

(d) Y^ is basic with respect to it. 

(e) Y^\p^=Y\p^. 

Proof of (a) Notice that this statement is local, and only depends on the structure 
of vector space on tt : Tub{Pp) Pp. Everything can thus be reduced to the case 
of M", and if X splits as Xa + Xb, Xa & M", Xb e M''', then one can 

easily see that, as in example IA.21 the following holds: 



(d,0) V / {v,0) 

where V is the Euclidean connection. This convergence is pointwise, and the re- 
sulting limit is smooth. This implies that the convergence is uniform on compact 
sets. 

Proof of (b) This part follows since every Y\ G 'X.{F), and therefore Y^ = 
liniA-j-o (^A^ belongs to as well. 

Proof of (c) We compute: 

hs*X^ = /is, linr(^i )*A,j^(^) 

= \mihs^{hi)^Xh^(q) 



lim(/i=),A,,,(,) 
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Proof of (d) Notice first of all that for any q e Tub{Pp), Tr{q) = lim.\-^o h\{q) 
and TT* = limA^-o hx*- Let's now compute: 



TT^X = lim hx*X 

^ A->0 ^ 

= lim Xt i„\ 

- 
- 



L 



In the second equation we used the invariance of linearized vector fields under 
homoteties, as proved in the last item. In the third and fourth equation we used 
the continuity of X^ and the observation that tt = limA->o h\ . 

Proof of (e) This simply follows from the fact that 1a|pp = ^|pp- 

□ 



From the last point in the proposition above it follows that given a family 
X — {Xi, . . . Xk] of vertical vector fields as above, the "linearized family" = 
{Xi, . ■ ■ X^} is also linearly independent. 

Proposition A. 4. Let Y be a linearized vector field on Tub{Pp). Moreover, let X 
be a family of vector fields as above. Then 

(a) {Y^)^, (F^)^ belong to X{J^). 

(b) If X is a linearized family, and z = + is a vertical vector at {q, v), 

where the connection is the Euclidean connection on the fiber VqPp. In 
particular [Y^)^ is the horizontal lift of Y^ and [Y^)^ can be thought 
of as the linear vector field (VF'^)(^ q). 

(c) (Y^)^ = (y-^)^ is a Killing vector field. In addition, if Gp the group of 
isometrics whose Lie algebra is the span of the subspace X{J^p)^ then the 
orbits of Gp are the maximal homogeneous subfoliation of the infinitesimal 
foliation Tp. In particular, for locally closed foliations, Tp is Riemannian 
homogenous if and only if the orbits of Gp coincides with the leaves of Tp. 

(d) {(t>YL)(q,v) — ('?^yi)*(go) '^'^'^ therefore the flow of Y^ is a linear map be- 
tween fibers (and therefore providing a, reason for the terminology). 

(e) The flow ofY^ is an isometry between fibers. 

(f) {vPp.go) splits metrically as {Pp,g\p^) x {vpPp,gp). 

Proof of (a) ^ ^ 

We know that both Y^ and {Y^)"^ belong to X(J'), and so must be (f ^)^. 
Proof of (b) Let's compute: 

~9\{Yx,z)(q^,) = ~g^ [j^{hx)*({hx)Z^Yy ,j{hx)*z^^ ^ ^+ giirS^ ,T^*{z^))(q,o) 

Since X is linearized, it is preserved under the homothetic transformations, and for 
every vector x we have {hx)*x^ = {{hx)*x)^ . The equation above then becomes 

5A(n,^)(g,^) = ~g^ {\y'^ ,\{hx).zA +g{-KS^,T^*{z^)){qfi) 

\^ ^ / (q,Xv) 
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Since Y £ X(J-'), it is parallel to at the zero section, and so ^(^o) ~ ^- P^-'^" 
ticular liniA-i-o xv) ~ ^vY^ , where the connection is the Euclidean connection 
on the fiber I'qPp. Moreover liniA^o j(f^\)*z^ = ■ Therefore taking the limit of 
the equation above, we get 

go(r^,^)(g,„) = lim~g'(^Y^,hhxuA + ff(7r,f^, ^,(z^))(,,o) 
= (V„f^,z^)^^^^ +5(^.y^,7r,(z^))(,,o) 

and the result follows since g^^ q-j ~ (dlig) (^g gy 

Proof of (c) It follows direct from item (b), from the argument of Example IA.2I 
and from the maximality of Gp. 

Proof of (d) Since Y^ is linearized, by Proposition IA.31 it is basic with respect 
to the projection tt : vPp — > Pp, and in particular its flow preserves the fibers of tt. 
For any general X, the flow of Xx = {hx)j^X is given by = h^^ o cj)*^ o hx- 
Since Y^ is linearized, by what we said before, the map 0yt|7r-i(g) is a (possibly 
nonlinear) map between vector spaces. Call F :— (j)YL\upL ■ t^pL — > i^qL. Then 
0*yi,)^ also sends the fiber at p to the fiber at q, and the restriction of <P\y'-)x 
these fibers is given by Fx{v) = jF{Xv). Taking the limit as A 0, we obtain 
that limA-i-o F\ — (-F'*)o- In other words, the flow of (Y^)^ — Y^ is given by the 
differential of the flow of at 0. Here we have used the fact that Fa converges to 
Y^ uniformly on compact sets, see proof of item (a) Proposition IA.3I 

Proof of (e) We said in the paragraph above that the flow of is a linear map. 
Moreover, since the flow preserves the foliation, it preserves the distance between 
leaves and therefore ||</'y 1,(^)11 = \\v\\ for every v £ VpL. Therefore it is an isometry. 

Proof of (f) From the formula at point (b) it follows that tt : {Tub{Pp),go) 
{Pp,g\p^) is a Riemannian submersion. Moreover, the holonomy maps (in the 
riemannian submersion sense) are flows of linearized vector flelds always tangent 
to A, and therefore they are isometries between fibers. This is equivalent to the 
fibers being totally geodesic and the 5-tensor of the submersion i'(Pp) Pp is zero. 
Since moreover the horizontal distribution is integrable (the leaves of J-"^ are the 
integral manifolds) then the O'Neill tensor is zero as well. By [lOj Theorem 1.4.1], 
having S = 0, A = implies that the distribution locally splits, and since v{Pp) 
can be taken simply connected, then the metric splitting becomes global. 

□ 

We conclude this section discussing how the above result can be used to under- 
stand the relation between the smooth structure of local and global quotient. 

Let lso{vpLp,J^p) denote the isometries of VpLp whose elements preserve the 
infinitesimal foliation Fp^ i.e. that send leaves to leaves. Let us also denote Gp the 
subgroup of lso{vpLp, Jp)whose elements fix the leaves of the foliation !Fp, i.e. that 
send each leaf to itself (but not necessarly fixing each point of the fixed leaf). 

The foliation induced by Gp on v^L will be called the homogeneous kernel oi Tp. 

Note that a A SRF (M, F) is orbit-like at a point p £ M if the homogeneous 
kernel of VpL is the whole infinitesimal foliation J- p. 

Let Lp be a closed leaf through a point p, and let 7 : [0, 1] — > be a closed 
path in Lp with base point p. We want to define a singular holonomy map t : 
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TTi{Lp,p) — > lso{vpLp, Fp) I Gp in the following way: take a partition = io < 
ii < . . . < tfe = 1 of [0, 1], such that each "f\[ti.ti+i) is contained in a plaque Pi, and 
call Pi = 7(^4)- For each plaque, choose a linearized vector field Xi on Tub{Pi) such 
that "f\{ti,ti+i) is an integral curve for Xi. According to proposition lA. 41 above, the 
flow of Xi defines an isometry between the infinitesimal foliations {Vp.Lp, Vp.J') 
and (fp.^^Lp, i^p.^^ J"). Finally, define 

T(7,Xo,...,Xfc_i) = <f>k-i o . . . 01 o (/)o e lso{vpLp, Fp). 

Of course, this map depends on the choice of the linearized vector fields Xi. Still, 
if (li, . . . Yfc) is a different choice of linearized vector fields, T(^^ Yo,...Yk-i) differs from 
'''(7,Xo,...,Xfc_i) by an element of Gp. In particular, it makes sense to define as the 
projection of some Xo,....Xfc_i) on lso{vpLp, Fp) / Gp. Notice moreover that if 71 
and 72 are homotopic, then r^^ = r^^ , and it is well defined a map 

r : TTi{Lp,p) — > lso{vpLp,Fp)/Gp. 

Since Gp is normal in lso{vpLp, Fp), we have that lBo{vpLp, Fp) / Gp is a group, 
and r is a group homomorphism. Call H the image t{'Ki {Lp,p)). H acts in a natural 
way on C^{vpLp, Fp): in fact, given [h] G -ff, choose a representative /iq G IsOj, of 
[ft.], and define [ft] • / = ftg/. Moreover we have the following " foliated slice theorem 
for functions": 

Proposition A. 5. Let {M,F) he a SRF, L a closed leaf, and Ue a tubular neigh- 
borhood of radius e around L. Let Sc be a slice at a point p ^ L, Let {vpL,Fp) be 
the infinitesimal foliation at p, and let p — exp : v'^L — )■ U^. Then 

p*C^{U,,F)^G^{vlL,Fpf 

Proof, the inclusion C is obvious. As for the inclusion D: take a function / G 
G^{Vp,Fp)^ , that we can think of as a function on the slice Sp. We are going to 
construct a basic function /, defined on the whole whose restriction to Sp is /. 
If q is another point of Lp, we can define / on Sq by joining q and p with a simple 
curve 7, take a vector field X around 7 such that X{'^{t)) = ■^'{t), extend X locally, 
to a vertical vector field X, and finally take the linearized vector field X^. By the 
results proven above, the flow (j)j^L takes {Sq,go) isometrically to {Sp,go), and one 
can define /[^^ — {(pxh)^ f\sp- Notice that, since / is constant on the leaves and it 
is invariant under H , the result does not depend on the choices made and / is well 
defined. Moreover, by local considerations / is also smooth, and the proposition is 
proved. 
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